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In this paper, we consider certain subclasses of analytic functions with bounded radius and
bounded boundary rotation and study the mapping properties of these classes under an
integral operator.
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1. Introduction
LetA be the class of functions of the form
f (z) = z +
∞
n=2
anzn, (1.1)
analytic in the open unit disk E = {z : |z| < 1}. If f (z) and g(z) are analytic in E, we say that f (z) is subordinate to g(z),
written f ≺ g or f (z) ≺ g(z) if there exists a Schwarz functionw(z) in E such that f (z) = g(w(z)).
For each A and B such that−1 ≤ B < A ≤ 1, we define the function
h(A, B; z) = 1+ Az
1+ Bz , z ∈ E. (1.2)
It is well known that h(A, B; z), for−1 ≤ B < A ≤ 1 is the conformal map of the unit disk symmetrical with respect to the
real axis having the center (1− AB)/(1− B2) and the radius (A− B)/(1− B2). The boundary circle cuts the real axis at the
points (1− A)/(1− B) and (1+ A)/(1+ B).
In [1], Janowski introduced the class P[A, B]. A function p(z), analytic in E with p(0) = 1 belongs to the class P[A, B] if
p(z) is subordinate to h(A, B; z), where h(A, B; z) is defined by (1.2). We define the class Pk[A, B] as follows.
Let p(z) be analytic in E with p(0) = 1. Then p(z) ∈ Pk[A, B], k ≥ 2, −1 ≤ B < A ≤ 1, if and only if there exist
p1(z), p2(z) ∈ P[A, B] such that
p(z) =

k
4
+ 1
2

p1(z)−

k
4
− 1
2

p2(z), (1.3)
for k = 2, P2[A, B] = P[A, B] ⊂ P( 1−A1−B ), where P( 1−A1−B ) contain functions h(z)with Reh(z) > 1−A1−B , z ∈ E, and P2[1,−1] = P
is the class of functions with positive real part. To avoid repetition, we shall assume, unless otherwise stated, that k ≥ 2,
−1 ≤ B < A ≤ 1.
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Definition 1.1. A function f (z) ∈ A is in the class Rk[A, B] if and only if zf ′(z)f (z) ∈ Pk[A, B], z ∈ E. Clearly R2[A, B] = S∗[A, B] ⊂
S∗[1,−1] ≡ S∗, where S∗ is the class of starlike univalent functions, and Rk[1,−1] ≡ Rk is the class of functions of bounded
radius rotation (see [2–5]).
Similarly, Vk[A, B] denotes the class of analytic and locally univalent functions f (z) ∈ A satisfying the condition
(zf ′(z))′
f ′(z) ∈ Pk[A, B]. When A = 1, B = −1, we obtain the class Vk of functions with bounded boundary rotation. It can
easily be seen that f (z) ∈ Vk[A, B] if and only if zf ′(z) ∈ Rk[A, B]. Also f (z) ∈ Vk[A, B] if there exists f1t(z) ∈ Vk such that
f ′(z) = (f ′1(z))1−λ, λ =
1− A
1− B . (1.4)
In the present paper, we study the mapping properties of functions belonging to the classes defined above under the
following integral operator
F(z) =

β + 1
α

z1−
1
α
 z
0
t
1
α−2 f β(t) g(t) dt
 1
1+β
(1.5)
with α > 0, β ≥ 0. For β = 0 and α = 12 , this operator is the well-known integral operator studied by Libera [6]
who showed that it preserves some of the most important geometrical properties as starlikeness, convexity and close-to-
convexity.
2. Preliminary results
We need the following results to obtain our results.
Lemma 2.1 ([7]). If −1 ≤ B < A ≤ 1, β1 > 0 and the complex number γ satisfies Reγ ≥ −β1(1−A)1−B , then the differential
equation
q(z)+ z q
′(z)
β1 q(z)+ γ ≺
1+ A z
1+ B z , z ∈ E,
has a univalent solution in E given by
q(z) =

zβ1+γ (1+ Bz) β1(A−B)B
β1
 z
0 t
β1+γ−1(1+ Bt) β1(A−B)B dt
− γ
β1
, (B ≠ 0),
zβ1+γ exp(β1A z)
β1
 z
0 t
β1+γ−1 exp(β1A t)dt
− γ
β1
, (B = 0).
If Φ(z) = 1+ c1 z + c2 z2 + · · · is analytic in E and satisfies
Φ(z)+ z Φ
′(z)
β1 Φ(z)+ γ ≺
1+ Az
1+ Bz , (z ∈ E), (2.1)
then
Φ(z) ≺ q(z) ≺ 1+ Az
1+ Bz ,
and q(z) is the best dominant of (2.1).
Lemma 2.2 ([8]). Let p(z) be analytic in E with p(0) = 1. Then, for C1 ≥ 0, 0 ≤ θ1 < θ2 ≤ 2π , z = reiθ , and α1 ≥ 1, θ2
θ1
Re

p(z)+ α1 z p
′(z)
p(z)+ α1C1

dθ > −π,
implies that θ2
θ1
Rep(z)dθ > −π, for z ∈ E.
3. Main results
Theorem 3.1. Let f (z), g(z) ∈ Rk[A, B] and F(z) be defined by (1.5) for (1+ β)(1+ AB)+ ( 1α − 1)(1+ β2) ≥ (1+ β)(A+
B)+ 2( 1
α
− 1)B, 0 ≤ α < 1 and β ≥ 0. Then F(z) ∈ Rk[A, B] for z ∈ E.
1828 K.I. Noor, M. Arif / Applied Mathematics Letters 25 (2012) 1826–1829
Proof. Let
zF ′(z)
F(z)
= p(z) =

k
4
+ 1
2

p1(z)−

k
4
− 1
2

p2(z).
We note that p(z) is analytic in E with p(0) = 1.
Differentiating (1.5) logarithmically, we have
(1+ β)p(z)
 z
0
t
1
α−2f β(t)g(t)dt =

1− 1
α
 z
0
t
1
α−2f β(t)g(t)dt + z 1α−1f β(z)g(z).
Differentiating again and simplifying, we obtain
β
1+ β
zf ′(z)
f (z)
+ 1
1+ β
zg ′(z)
g(z)
= p(z)+
1
1+β z p
′(z)
p(z)+

1
α−1
1+β
 . (3.1)
Since f (z), g(z) ∈ Rk[A, B], zf ′(z)f (z) = h(z), zg
′(z)
g(z) = H(z) both belongs to Pk[A, B]. It is known [9] that the class P[A, B] is
a convex set, and by using (1.3), it can easily be shown that Pk[A, B] is also a convex set. Therefore, left hand side of (3.1)
belongs to Pk[A, B] and consequentlyp(z)+
1
1+β z p
′ (z)
p(z)+

1
α−1
1+β

 ∈ Pk [A, B] , z ∈ E.
Define a function
Φa,b(z) = 1b+ 1
z
(1− z)a+1 +
b
b+ 1
z
(1− z)a+2 ,
where a = 11+β , b = (
1
α−1
1+β ).
Using convolution techniques [4], it follows that
p(z) ∗ Φa,b(z)
z

=

p(z)+ a z p
′(z)
p (z)+ b

∈ Pk [A, B] ,
and thus we have
pi(z)+ z p
′
i(z)
(1+ β) pi(z)+
 1
α
− 1

∈ P [A, B] , i = 1, 2.
Now, using Lemma 2.1 with β1 = 1+ β , and consequently p(z) ∈ Pk[A, B]which implies that F(z) ∈ Rk[A, B] for z ∈ E. 
Theorem 3.2. Let f (z), g(z) ∈ Rk[A, B] and F(z) be defined by (1.5) for 0 ≤ α < 1, 0 ≤ β ≤ 1−AA−B . Then there exists F1(z)
such that zF ′1(z) = F(z) is close-to-convex (hence univalent) in E for k ≤ {2+ 2(1−B)A−B }.
Proof. From (3.1), we have
β
1+ β h(z)+
1
1+ β H (z) = p(z)+
α1 z p′(z)
p(z)+ α1C1 ,
where p(z) = zF ′(z)F(z) =
(zF ′1(z))′
F ′1(z)
, h(z), H(z) ∈ Pk[A, B]. We note here that Pk[1 − 2λ,−1] = Pk(λ); see [8]. Since
h(z), H(z) ∈ Pk[A, B] and Pk[A, B] ⊂ Pk(λ), λ = 1−A1−B , we have, for 0 ≤ θ1 < θ2 ≤ 2π ; z = reiθ , θ2
θ1
Re

p(z)+ α1 z p
′(z)
p(z)+ α1C1

dθ > −

A− B
1− B

k
2
− 1

π,
where we have used (1.4) and a result due to Brannan [10] together with the fact that Pk(λ) is a convex set. Now, applying
Lemma 2.2, we obtain, for 0 ≤ θ1 < θ2 ≤ 2π , z = reiθ , θ2
θ1
Rep(z) dθ > − π, z ∈ E,
which implies that F1(z) is close-to-convex in E (see [11]) and hence univalent. 
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Theorem 3.3. Let F(z), defined by (1.5), belong to Rk(λ), λ = 1−B1−A . Then
β
1+ β
zf ′(z)
f (z)
+ 1
1+ β

∈ Pk (λ) ,
for |z| < r1, where
r1 = |µ+ 1|
d+d2 − |µ2 − 1|2 . (3.2)
µ = λ(1+β)+ 1α−1
(1−λ)(1+β) ≠ −1 and d = 2 (s+ 1)2 + |µ|2 − 1, s = 1(1−λ)(1+β) > 0.
This result is best possible.
Proof. With
zF ′(z)
F(z)
= (1− λ)p(z)+ λ,
p(z) ∈ Pk, we can write (3.1) as
1
1− λ

β
1+ β
zf ′(z)
f (z)
+ 1
1+ β
zg ′(z)
g(z)
− λ

= p(z)+ s z p
′(z)
p(z)+ µ, (3.3)
where
s = 1
(1− λ)(1+ β) , µ =

λ
1− λ +
1
α
− 1
(1+ β)(1− λ)

. (3.4)
From (1.3) and convolution technique used in [4], we can write right hand side of (3.3) as
p(z)+ s z p
′(z)
p (z)+ µ

=

k
4
+ 1
2

p1(z)+ s z p
′
1(z)
p1(z)+ µ

−

k
4
− 1
2

p2(z)+ s z p
′
2(z)
p2(z)+ µ

, (3.5)
where s and µ are given by (3.4) and p1(z), p2(z) ∈ P for z ∈ E. Now, Ruscheweyh and Singh [12] have shown that, for
pi(z) ∈ P , s > 0, µ ≠ −1 (complex),
Re

pi(z)+ s z p
′
i(z)
pi(z)+ µ

> 0, (3.6)
for |z| < r1 is given by (3.2) and this radius is best possible. Thus, from (3.3), (3.5) and (3.6), we obtain the required result. 
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